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'SOLUTION OF BLOCK-TRIDIAGONAL SYSTEMS
OF LINEAR ALGEBRAIC EQUATIONS
" A.C. Hindmarsh -

| ‘December, 1976

ABSTRACT

The soﬂution‘df 1fnéarbsy$témé'with a block-
'tridiagonal Structufé ishévvéfy common requirement in many

' app]icatfons. .This repbrt déécrfbes two Fortran packages

fdh solving suéh systems. . The first is for the case whén

all the re]evént bTocksbin the‘cqefficient matrix can be
stored at once. Thelﬁécond fs for_the case whén they cannot,
and instead the eéuation; are génerated, one block-row at

a time, by_a’user—éqpp1ied subrbufine. The blocks are
assumed to be full, and partial pivoting is donebwithin

block-rows qn]y;



INTRODUCTION
Th1s report, and the rout1nes g1ven here are concerned w1th the so]ut10n

’of systems of ]1near a]gebra1c equat1ons, ' o
Tx=yo, S S

1n wh1ch the coeff1c1ent matr1x T 1s square and b]ock tr1d1agona] By this we.

: ,'mean that T has the b1ock structure '

(2)

In terms of thg;indiVidualfﬁ1ocks:of equations, (1)-and (2) can be written as

1 X1f+;BT'X2iffC]fx3 BRSNS

A
Ck:xk ]’+ Ak xk + Bk Xk+1 = yk (2« k.s Ngl)_‘ > . | (3)

B Mg T Oy X

Nt * P R

hHere.xi and ykddenote-vectdrs ot Tength:Msin the ith b]ock ‘position ot x and’

y, respectively. "This system 1s a s]1ght genera11zat1on of the usual meaning of
a block- tr1d1agona] system, 1n that b]ocks are - a]]owed in the (1,3) and (N,N=2)
block ‘positions, name]y C] and BN, respect1ve1y It is assumed that N > 4
.since otherw1se there is no structure assumed for the matr1x T wh1ch can be

ut111zed to any advantage




Systems.of this form are found frequently infvarious applications, chiefly
in the numer1ca1 solution of systems of partial d1fferent1a1 equat1ons . The
.presence ofic]‘and BN is due to certa1n types of boundary cond1t1ons for such
problems. The particular app11cat1on which motivated this work was to the
systems thatlarise in ADI (a]ternating.directiOn‘1mp11cit) methods for two-
dimensionaT problems, as exemplified by [Tj. |

| ATT of the blocks A, 1 » C; in (2) are treated here as full M x M matrices.
‘If N is the number of blocks in each d1rect1on in this structure, then the order
of the matrix T is MN, and the totaT number of nonzero eTements aTTowed in T :
is 3M2N | N | |

The ‘two packages presented here both soTve the system (T) by performing an
appropr1ate decomposition of the matrix T and perform1ng back-substitutions to
soTvevfor X. AThe decomposition 1is structured bTock;LU decomposition, described

,1n deta11 below, in-the subsect1on caTTed Method 1n Part I. The aTgorithm in-

" volves ‘the so]ut1on of many M x M linear systems, and for th1s the dense linear

system rout1nes DEC and SoL, g1ven in [2], are used

The need for two distinct packages arises from the storage and eff1c1ency
vcons1derat1ons associated with varTous contexts in which bTock-tr1d1agonaT Sys-
rtems are soTved.} In the first package,'caTTed BT, it is assumed that the problem .
input, T and y,'can'aTTvbe stored in core at once, involving 3M2N + MN elements.
The LU factorization is then saved, and this aT]ows_the‘soTutions-of (1) and any
subsequent systems, with the‘same matrﬁx T but different'yectors y, to be accom-
plished very cheapTy.‘ Howevér, for contexts in which that much storage is not
;avaiTabTe there is-a minimal storage version of the package, caTTed‘BTMS:' It
requ1res onTy M2N +MN + 3M2 words of storage and caTTs for the blocks of
elements as they are needed It s just as eff1c1ent as the f1rst package for
the soTut1on of a s1ngTe system but it offers no cost sav1ngs at all for sub-

sequent systems.




Both of the packages g1ven here are wr1tten 1n ANSI Standard Fortran, in
order to al]ow for' max1mum portab111ty They use s1ngle prec1s1on exc]us1ve1y
The aux1]1ary routlnes DEC ‘and SOL however are ava11ab]e in a vector1zed
vers1on, an assemb]y 1anguage (Compass) vers1on and a vers1on for the cDC-
STAR as we11<as a standardvFortran vers1on On the €DC-7600, cons1derab1e im-
provements in eff1c1ency are poss1b]e by . subst1tut1ng the faster vers1ons of

DEC/SOL in ‘the packages g1ven here
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PART = 1.

_FULL STORAGE VERSION (BT)

"Ava11ab111ty v

. | The package referred to here as BT consists of ‘the two subrout1nes
"DECBT and SOLBT wh1ch are 11sted in Appendix I for reference ‘and the
aux111ary routines’ DEC-and soL [2]. At LLL, the Fortran source code for the
BT package is ava11ab1e from the NMG Mathematical Software L1brary [31, by way

- of the access rout1ne MSLAR, us1ng the te]etype command -
NMG MSLAR READ DECBT ENDf(return)

See [2] for insiructions'on obtaining the non-standard versions of DEC/SOL,
if desired. The routines contain OPTIMIZE Cards,'Which-must be rem0vedvfor use
: under systems other than CHAT or ORDER..

A demonstration program is a]so ava11ab1e It solves anaexamp]e problem,

‘as‘descr1bed_below.b The source code for th1s;program, together_with the BT

package, is obtainable with the command .
'NMG MSLAR READ DEMO DECBT END (return)

" The BT package is used by making calls to DECET and SOLBT. Subroutine
DECBT is to be ca11ed once only for a given matrix T, and performs an appropriate
decompos1t1on_of-T without reference to the vectors X -ory. Subrout1ne SOLBT
is to be called onceﬂfor‘each right-hand side vecfor y in the system Tx =y,
where DECBT has been preViously caT1ed for T. - The ca]iing.sequences.for the

two routines are as follows:



‘The

IP

IER

CALL DECBT (M N, A, By € - TER)
[Test IER]
CALL SOLBT (M, N, A, B,.C, Y, IP)

definitions ofrthe,arguments-are as follows

the'order (s1ze) of each bTock in T

the number of bTocks 1n each d1rect1on aTong ‘the - matr1x T with

N > 4 The totaT order of T is M*N

an M x M x N array conta1n1ng the d1agona1 bTocks A] s AN’ 1n the
notation of (2), on 1nput to DECBT A(I J K) must be set to the (I, J)
eTement of AK ' The f1rst and second d1mens1on of the A array are assumed
to be exactTy M, so that the eTements are stored 1n packed form, in the
usual- (coTumnw1se) order

an M x M x N array conta1n1ng the bTocks B] ‘BN’ on input to DECBT
stored in the same manner as. 1n A

an M x M X N array conta1n1ng the bTocks C] ey CN,uon input to DECBT
stored 1n the same manner as 1n A

an 1nteger array of Tength M*N for work1ng storage (used for pivot in-
format1on) |

an output error 1nd1cator from DECBT

IER =0 1f no errors occurred

-T 1f the 1nput vaTue of M or. N was 1TTegaT, and

K- 1f a s1nguTar d1agonaT bTock was found in. the K stage of the

decompos1t1on

SOLBT shoqu not be caTTed if ‘IER # O
the r1ght hand s1de vector ¥ of Tength M*N on 1nput to SOLBT and the

soTut1on vector X on output



The arrays A, B, C, and IP, on output from DECBT, contain the block-LU
decompos1t1on of T, and'so must not be disturbed between a ca]] to DECBT and
any subsequent ca]]s to SOLBT for a given matr1x T For the same reason, if
the user w1shes to save the matr1x T, the arrays A B and C must be cop1ed to
separate 1ocat1ons before the call to DECBT

The SOLBT rout1ne must not be ca]led if IER # 0 on return from DECBT as
th1s will produce nonsense If IER = 0 ‘as many cal]s to SOLBT can be made as

there are d1st1nct vectors y for the same matr1x T.

Example

To 111ustrate the use of the BT package we cons1der a sma]] examp]e

prob]em w1th M '3 and N 10, We take

for k =1, 2, ..., N. For the purposes of the illustration, an exact solution

vector x~ is taken to be

and the right-hand side vector y is Tx The following demonstration program
generates the input to the package, calls the package, and prints the answers
The vector y, which was computed independently, is data-loaded in this program
The output for this program (not shown here) shows a maximum error in the com-

-12

ponents of x of less than 10 under either CHAT or PUTT.



T on0oo0n0

c
c

200 CALL
END

DEMONSTRAT]GN PR@GRAM FOR BT PACKAGE'
THIS PROGRAM GENERATES A 30 BY 30 BLOCK-TRIDIAGCNAL LINEAR svsrsn,
CﬂMPUTES’THE'SULUTION w!TH DECRT/SELBT, AND PRINTS ANSWERS ON
LOGICAL UNIT 3, AN EXACT SOLUTION VECTOR 1S PREuET AND THE i
CORRESFONDING RIBHT- HAND SIDE VECTOR| IS DATA*LOADE ot
DIMENSION A(3,3,10), a(s 3 190 ¢(3,8,10), XE(GO) Y(30), 1P(30)
DATA ¥ /711,17, %18. kS ‘-3 % 28.,-32.,-62., s
1. -a44.,-8 -73.,-88.,-97., - _
2 3-112.,—10&., sé.,—1é7 ,—116 Z104,,-142. ,-14é -125.,-156./
5 = 1o
¢ GENERATE MATRIX.
: D8 30 K = 1,N
D6 20 J ='1,M
Dg-10 1 :="1,M -
A(§,J,K0 1.
. B(I,J,K) = 1.
10 COL,JK) = 1.
ACJ,JIK) = -8,
B(J,J.K) =:-1.
20 C(JIUK) = -1,
Act,3.k} = 0.
A(3.1:K) = 0.
cso . contINUE _
¢ EN'ﬁﬁTE EﬁﬁCT SﬂLUTIGN VECTOR XE.
DB 40 1 =
40 XEC1) = FLﬁAT(l) _
CALL DLECBT.AND S@LBT AND WRITE ANSWERS.
. waTEca,no
100 FORMAT(87H LgENSTRATIaN P?GGRAM FOR BT FACKAGE//
CALL nscéf B, ¢, IP, JER)
. IF (1ER "EQ, ée %o {20 R
’lelE(3,110)lER
110 FORMAT(//22H DECBT FAILED,. 1ER =,18/7)"
c GO TG 200 -
120 CALL SGLBT (M, N, A, B, C, Y, IP)
WRITE(3£HGO)(Y(15 1=1,MN)
130 EgﬁﬂgTé;?H C@MPUIED SELUTION. Y =/(9E12, 3))
o 120 1 = 1,MN |
: ERI = ABS(Y(I) z,xecx))
140 ERM = 'AMAX1{ERM,E
. WRITE(3,150)ERM |
150 FORMAT(7/18H MAX. ERROR IN Y =,E20.12)
EXIT




Method .
The basic method'used to solve the éystem (1) and (2) 1s Gauss1an e11m1n-

ation, formu1ated as a b]ock LU decompos1t1on of T fo]]owed by back subst1tu-

t1onsv For the decompos1t1on we write T- in the factored form

— . _ ;_; S J—
0, <:::>~ I E O
¢, D, L _Ey :::
T=1LU = \\ \\ . (4)
Oy Oy L By
(:::> By Oy D (:::> I

- i‘ where [ represents the M x M 1dent1ty matr1x The factor L is block-Tower.

1‘Atr1angu1ar ~and the factor U is unit- upper tr1angu1ar (because of'the unit.
~Ed1agona1) While not guaranteed to exist in a]] cases, this decompos1t1on
 exists in most (1f not a]]) cases of pract1ca1 1nterest The various b]ocks in

',;(4) can be. computed, 1n success1on, by . the relations

1= Ay By =Dy By Gy = DGy
‘D = A, - C,E E, = D‘](B C.C!H)

A I R S L A U $

| | 8 )
D =A -CE s E =D (k= 34 s N-1),
Oy = Oy ‘jBNEN—Z? N T j

These re]at1ons can be der1ved s1mp1y by compar1ng (4) with (2), block by block.

The sequence of operat1ons in (5) is performed by DECBT, and the results are

' .wr1tten 1nto the arrays A, B, and C, overwriting T. Wherever (5) calls for a

 matrix Dki, the LU decompos1t1on‘of>Dk.1s computed by DEC (in the space origiha]]y
occupied by Ak), and multiplications by.D;] are accomplished by calls to SOL.

Inverse matrices are not computed explicitly here. The other nonzero blocks in
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_(4)-(exc]uding I) are wr1tten, as computed, 1nto the 1ocat1ons occupied by the
'correspond1ng b]ocks (1n B and C) 1n (é>°c:f, | |

The computat1on of the LU decompos1t1on of each Dk‘fnvolves partfa1 prOt-
1ng, mean1ng that . rows are. 1nterchanged in a manner des1gned to control ‘the

‘growth of roundoff error The 1nterchanges performed are recorded in the P

B array- However, these p1vot1ng operat1ons are done on]y w1th1n each b]ock of -

j’rows of T separate]y . For: th1s reason, 1t is conce1vab1e that the overa]]
:»'algorjthm (5) may suffer from numer1ca1 1nstab111ty (1.e., harmful growth of
';roundoff errors), if T s part1cu]ar1y unsu1tab1e ‘That is, even though T
-may be nons1nou1ar and the system (1) may be perfect]y we]] -posed, it may
.happen that 1n the a]gor1thm (5), some D, is a s1ngu1ar or nearly singular
matrix, and the subsequent computatlons may e1ther be 1mposs1b]e or produce
:h1gh1y 1naccurate answers If th1s happens 1n such a way that Dk is actua]]y
yfound to be s1ngu1ar by DEC the process is: ha]ted and DECBT returns IER = k.
'However . .near- s1ngu1ar1ty in Dk may go undetected Th1s warning is not . neces-
'rsary, however, 1f T has appropr1ate propert1es (e g., 1f T is d1agona11y dom1n—
B ant_);: In pract1ca1 app11cat1ons, these propert1es tend to ho]d in the matr1ces
'of_interest Thus, numer1ca] 1nstab111ty 1s not l1ke]y to arise in pract1ce
» Once the decompos1t1on §4)_Js accomp11shed, the»so]utjon of the system (1)
is rather eas1]y obtannedin;As'in'(3),bdenote theab1ocksvin x and y py xi'and
y., respectively. We then proceed to solve Lz % y and Ux = z in'succession, by

the operations

A matrix T = (t..) is called diagonally dominant if |t..]| > = |t ] with.

Jr B : J#
strict inequality for at least one value of: i
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(K = N-T, N2, ..., 2) Yy ..

These operationsrare performed by SOLBT, which writes z in place of y and then

X in place of z. The mu]tip]ication of a vector by Dil in (6) is done by SOL

with the existing LU decomposition of Dk’




[ I

P ART I

‘Availability

_ The BTMS package cons1sts of subrout1ne BTMS wh1ch is 11sted in
Append1x I1 for reference, and the aux1]1ary rout1nes DEC and SOL [2]

‘-LLL the Fortran source code for the package 1s ava11ab1e from the NMG

' Mathemat1ca1 Software L1brary [3], by way of the access routine MSLAR, us1ng

"“the te]etype command
‘NMG MsLAR READ_BtmsuENDi(réturn)'

:See [2] for 1nstruct1ons on obta1n1ng the non standard vers1ons of DEC/SOL
’.1f des1red The. rout1nes contatn OPTIMIZE cards, wh1ch must be removed for
use under systems other than CHAT or ORDER
A A demonstrat1on program 1s a]so ava11ab1e i It'SOlves an examp]e proolem,

as descr1bed be]ow “The: source code for th1s program together w1th the BTMS

_hpackage, is obta1nab1e w1th the command
e MSLAR{READ DEMQ'BTMS,ENDl(return) |
Usage‘
The BTMS packaqe is: used by mak1ng ca]]s to subrout1ne BTMS and a]so

supp1y1ng a subrout1ne ca]]ed BLOX to commun1cate the e]ements of the matrix

T and the vector y The ca111ng sequence for BTMS is as f011ows

CALL BTMS- (M N B, A 'B C .IP»‘X IER)

The definitions:: of the arguments are as follows

M ‘the order: {size) of each block in T

b3l



13-

N o= the number of b]ocks in each d1rect1on a]ong the matrix T w1th N >4,
' -:The tota] order of T is M*N

AEf o= a work1ng storage array of'length»M*M*N

: A,B;C work1ng storage arrays, each of length M*M
:IP s an 1nteger array of length M for work1ng storage (used for ptrot~infor-'
'-'mat1on);»_To save on storage,-the IP array may occopy the same space
_ as.part of the B array.: | o _. | o
X = an array EOntaining, on output,'the-soiution veotor'x,‘of Tength M*N.
IR . = an outpUtAerror‘indicator o |
| IER = 0" if no errors occurred _
| - -1.if the 1nput value of M or N was 111ega1, and

) =K if-a s1ngu1ar d1agona1 b]ock was found in the Kth

.stage of
the decompos1t1on o

If-IERt# Q, a solution vector was not computed.

The uSer must provide a subroutine, BLOX, to supply T and y tovBTMS, The

argument sequence of BLOX is as follows:
SUBROUTINE BLOX (M, K, A, B, C, YK)

" The arguments M and K are'input M being as before, and K being an index,

1 <K<N., Subrout1ne BLOX is then to load into A, B, and C the M x M matrix

blocks of the T matr1x in the Kth block- row, name]y AK, K> and CK in the nota-

tion of (2).or (3), and load into the vector YK the block (of length M) of y

in the Kth

block-row, namely y, in (3). A, B, and C must be given a first
dimension of M
If it is more convenient, the vector y may be loaded into the X array prior to

the call to BTMS, rather than loaded by BLOX.
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The requ1red storage for data arrays in BTMS is MZN + MN + 3M2 “This is

2y + 2Mh for BT For Targe N, the

to be’ compared w1th the requ1rement of 3M
d1fference in storage costs may be con51derab1e, s1nce the dom1nant term in.
the cost 1s one th1rd as Targe for BTMS ' D

If there is onTy one T1near system (T) that must be solved (1 e., one vec-
tor y) for a g1ven vaTue of the matr1x T, the computat1ona1 cost of soTv1ng it
w1th BTMS 1s v1rtua11y the same as w1th BT : Hence, 1n that case the storage
advantage may we1gh heav1Ty 1n favor of BTMS However, 1f there is more than one
such system for a g1ven T the computat1ona] cost of so]v1nq them with BTMS can
be much greater than w1th BT Th1s 1s because each such soTut1on has the same
cost w1th BTMS wh11e w1th BT soTut1ons after the f1rst one are much cheaper

than the: f1rst one Thus, there is-a tradeoff of run- t1me vs “storage which

must be carefuTTy cons1dered

H

_xamp]e

We- illustrate the use:of BTMS with the same 'small example problem (M = 3,
N. TO) given in PartﬂI-abOVe" The foTTow1ng demonStrattOn program calls BTMS-
to soTve the probTem, and conta1ns Subrout1ne BLOX to prov1de the input matrix
and vector The output (not shown here) shows a max1mum error in the components

T

of X of Tess than TO Ty under e1ther CHAT or PUTT

&)
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DEMONSTRATION PROGRAM FOGR BTMS PACKAGE .
THIS PROGRAM GENERATES A_30 BY 30 BLOCK-TRIDIAGUHAL .LLN
COMPUTES THE SALUJTIGN WITH BTMS, AND PRINTS ANSWERS ON
LOGGICAL UNMIT 3. THE EXACT SOLUTION VECTOR IS X([) = 1
AND THE CORRESPGNDING RIGHT-HAND SIDE VECTCR 1S DATA- -L&ADED.
DIMENSION E(90), A(9), B(9), ccs), R(30), 1P(3)
COMMON /RHSVtP/ RHS(ao)
DATA RHS /11 -13. 5528:4332.,-52.
-44, -5e 6 é ?3 -§7,, -bas.
2M 3-112 -1oé -gé -127 -118.,-104 -142" Z1as.
N =10
MN = MxN
‘ wRIT (3,100)M,N _ ‘
100 FERMAT(39H DEMGNSTRATIGN PRUGRAM FOR BTMS PACKAGE//
1  4H M =,14,6H N =,14//) : » :
CALL BTMS (M, N, E, A, B, C, IP, X, IER)
IF (IER .EQ, O) GO TG 120
WRITE(3,110)1
110 FORMAT(//22H ERcar FAILED.. IER =,15//)
G8 T6 200 :
20 WRITE(S3,130) (X(I),I=1,MN)
30 EgﬁMATBéZH COMPUTED SHLUTIGN X =/(9E12.3))
= *
DG 140 I = 1,MN.
ER]I = ABS(X(1) - FLOAT(I))
140 ERM = AMAX1(ERM,ERI)
y WRITE(3, 150) ERM
150 FORMAE(//18H MAX. ERRGR IN X =,E20.12)
200 CALL EXIT .
_ END
SUBROUTINE BLOX (M, K, A, B, €, YK)
DIMENSIGN ACM, M), B(M,M): CIM, ™), YK(M)
CEMMBN /RHSVECG/ RHS(30) '
D& 20 J = 1,M
06 101 ="1,M
ACT,J) = 1,
B(I,J) = 1.
10 C(1;J) = 1.
Q(J,J5 = -8,
(3,J3) = -1.
c(JIJ) = -1.
20 CoNTINUE
A(1,3) = O,
A¢331) = 0,
DG 301 = {,M
: J oz (K=1)%M + 1
30 YK(1) = RHS(J)
RETURN
END
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'}Method

The method used by BTMS 1s exactTy the same as in bT —-bTock LU decom-
‘,p051t1on of T foTTowed by back subst1tut1on to soTve for X. The d1fference is .
in the order of the operat1ons performed and 1n the 1nterface ‘with the user.
:The decompos1t1on operat1ons (ST and the forward subst1tut1on operat1ons (6)
rare merged together 1n such a way that a m1n1mum of work1ng space is needed

“The onTy bTocks of the matr1x that are saved in th1s sequence of operat1ons

© are the blocks 1n the upper tr1anguTar factor U,_nameTy E1’V--' Ex- 1 and

th bTock. Then'

Ci These are stored in the array E w1th Ci occupy1ng the N
the backward subst1tut1on operat1ons (7) are performed to get X. As in BT,
muTt1pT1cat10ns by Dk' are accompT1shed byvthe LU method (w1th DEC/SOL), but
the LU decompos1t1ons of the Dk are. saved only as long as they are needed in
the aTgor1thm

The work1ng storage 1n BTMS 1s arranged 1n such a way that the B array .is
used onTy in the process1ng of the Tast bTock row in (3) As a resuTt, 1f storage
1s cr1t1caT and BN O, 1t 1s easv to mod1fy the package SO that the B array is
not requ1red at aTT 1 However, 1f the IP array overlaps B in the user s call to

the unmod1f1ed package then a. separate IP array must be suppT1ed to the mod1f1ed

vers1on The sav1ngs 1n storage is then M - M

!
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,were at the Tevel of mach1ne roundoff (Tess than 10

C17-

TE-S T I'.N'.G,'

Both the BT and BTMS packages were subjected to severa] ser1es of tests

Test probTems were generated by choos1ng random" eTements for T and X in the

interval (-1,1),'except_for.the diagonal elements of T, which were made large

enoUgh~to insure diagonaT dbminance Then riqht-hand sfde vectors y were set -

to Tx and the soTut1on vector computed by the package was compared to the pre-

“set X. Runs were made w1th T < M < 9 and 4 < N < 50. In aTT cases, the errors

13); Add1t1ona1 tests were

: made to check the tests for 111ega1 input and for a s1nquTar matrix, and to
,vaT1date the packages on PUTT as weTT as CHAT. The use of the Compass version )

of DEC/SOL reduced‘run times by factors of, typ1caTTy, about 1.5.

As'a'sampTe of the run times; a‘test problem W1th'M 6 and N = 50 required -

about 68 m1111sec for either of the two packages w1th the Fortran vers1on of :

FDEC/SOL and about 45 m1TT1sec with the Compass vers1on W1th BTMS and the'

Fortran DEC/SOL the run t1me was 96 ms w1th the OPTIMIZE card removed from
BTMS The run t1mes for DECBT/SOLBT are about 3% lower than for BTMS (aTT eTse
be1ng equa]), because of the overhead of the calls to BLOX 1n the latter.

Deta1Ts of these tests are on f11e with the Numerical Mathemat1cs Group S

Test F11es
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o

SUBREBUT I NE DtCBT (M N, A, B, C, IP, IER)
DIMENSION A(M,M B(M M, N), C(H M N), 1P(M, N)

........................................................................

"égééﬁ'iﬁééf&ié&ﬂﬁ—@é?éiiégéééﬁﬁééf?faﬁ_ﬁéﬂ?f&é """""""""""""""""""
THEL NFUT HATRIX CONTAINS 'THREE BLOCKS OF ELEMENTS IN EACH BLOCK-ROW,
INCLUDING BLOCKS [N THE (1,3) AND (N N-2) BLECK PGSITIGNS.,

DECST USES BLOCK GAUSS ELIMINATIEN D EleRSUTINES DL OhRD ol
EESPK°kgwé°§'°$ BLOCKS. FARTIAL PIVOTING 1S DONE WITHIN

INPUT. : v
M % GRDER OF EACH BLOCK.
N = NUMBER OF BLOCKS I[N EACH DIRECTIGN GF THE. MATRIX.
N MUST BE 4 GR MORE. THE 'CGMPLETE .MATRIX HAS ORDER MxN,
A =M BY M BY N ARRAY CONTAINLNG DIAGENAL. BLEC K
A(l,J,K) CONTAINS THE (1;J) ELEMENT ‘6F THE K-TH BLECK,
B =M BY M BY N ARRAY CﬁNTAlNING THE SUPER-DIAGONAL BLOCKS
(IN B(,,K). FOBR K 1,... N-T) AND THE BLOCK IN THE (N,N- 2)
BLOCK PSSITION (IN Bi
C = M BY M BY N ARRAY ceNTAlNlNG THE - SUBDIAGGNAL BLBCKS
(IN C(,,K) FOR K = ., N) AND THE BLOCK IN THE
(1,3) Bleck PoSITI® 1)
fjUTAE; INTEGER ARRAY. OF LENGTH MxN'’ #0R WGRKlNG STORAGE.
A,B,C = "M BY M BY N ARRAYS CONTAINING: THE BLOCK LU DECGMPESITION
oF TH: TNPUT MATRIX.
IP = M BY N ARRAY GF PIVGT INFGRMATIGN IP(,K) CONTAINS .
INFORMAT!GN_FSR THE K:=TH DIGENAL BLOCK.
IER = 0. [F NGO TROUBLE OCCURRE 1]

(¥
E INPUT VALUE. 6F M 6 E! gA?NILLEGAL
E THE ASSOC!ATED LINEAR

= K IF A S fH DIAGONAL BL&CK
USE SGLBT TE SELV: STEM,
DECBT CALLS ﬂé ﬁUTlNES DEC IER) AND SOL(M,MO,A,Y, IP)

FGR SELUTION BY iM LINEAR évs?sﬁ

. - -.......__..._- :...._.-..-—-.-—----.-.----_--_.....,..--.4_—-~....--..-.._....._.._..---—-..-...

O

: 1

C PROCESS THE F1RST. BLOCK- Rew.,e ------ ;-_-;-;--,---5 ------- -------------
DEC (M, M, A, 1P, iER)

(IER . NE, 0). GO TO 200
CALL soL M, M,
CALL SoL (M) M
CBNTINU
¢ AnJusr B(,,2) --------- e e e e
40

1F
Do

ll

cw)

7
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100
KMT = K - i
D8 70 J = 1,M
D8 60 1 =" 1,M"
DP = 0,
D8 50 L = 1,M
50 DP = DP + C(I,L,K)*B(L JIKM1)
60 ACI,Jd,K) = ACI,J,K) - DP
70 CENTINUE
-cALL DEC (M, M, A(1,1,K), IP(1,K),'IER)
: IF (1ER .NE. 0% 66 fe'200
DB 80 J = 1.M
TCALL SOL (M, M, A(1,1,K), B(1,J,K), IP(1,K))
100 CONTINUE S
C PREGCESS LAST BLOCK-ROW AND RETURN, ===-=-===-er-csemcmececeae o=
D6 130 J = 1,M :
6 120 1 ="1,M
DP = O,
DB 110 L = 1,M
110 DP =-DP + B(I,L,N)*B(L,J, NM2)
120 c(l,J,N» = ¢(1,3,N) - DP
130 CONT I NUE
pB 160 J = 1,M
D6 180 | ="1,M
DP = O. :
DS 140°'L = 1
140 DP = DP é(l L,NYx*B(L,J,NM1)
128 lﬁJé N) = A(I, 3 - Dp’
EALLNDEC M, M, AC1,1,N), IPC1,N), 1ER)
F (IER .NE, 0) G3 TS 200
: ETURN
€ ERROR RETURNS, =-rr-ms=--smms===mecmccoicmmareaeeinaman - R
200 1ER = K
RETURN
210 JER = -1
RETURN .
Cr~mmn éﬁﬁ'* ------------- END OF SUBROUTINE DECBT =----m-imemmseceacaccn
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SUBRGUTINE SELBT (M, N, A, B, C, Y, IP)

c ...........................................................................
¢ THE FOLLOWING CARD is FOR’ GPTIMIZED COMPILATIGN UNDER CHAT.
c GPTIMIZE
C SBLUTIBN OF BLECK-TRIDIAGSMAL LINEAR: TEM,
C COEFEICIENT MATRIX MUST HAVE BEEN PRFVI USLY PROCESSED BY .DECBT.
c M = BRDER 6F EACH BLOCK.' ‘
C- - N = NUMBER OF BLOCKS [N EACH. DIRECTION cF MATRIX.
C A,B,C = M BY M BY N ARRAYS CONTALNING BLOCK LU DECOMPOS1T1GN
c OF COEFF IICIENT HATRIX FROM DECBT.
¢ IP = M BY N INTEGER ARRAY PIVOT  INFORMAT1ON. FROM DECBT. -
¢ Y = ARRAY OF LENGTH M*N CONTAING THE RIGHT-HAND SIDE VECTOR
c (TREATED AS AN M BY N ARRAY.HERE). . -
¢ ouTPYT, .
¢ LUTION VECTOR, OF LENGTH Mx : :
€ seiLey MARES CALLS 18 SUBROUTINE SOL (M Mo,A Y, 1P)
g FOR SGLUTION OF M. BY M LINEAR SYSTEMS
....................................................................... -
DIMENSIGN| A(M, M, N), B(M,M,N), C(M,M,N), Y(M, N) » IPCM,N)
NM1 = N - _ RO
M2 = N = : p :
c FURWARD seL T ON SWEEP --------- R e L LR LTl
(M, A, Y, IP) : , . :
o =2,NM1 ,
05123 f21m
N = 4
DP. = O,
DG 10 J = 1,M -
10 PP 5 DR #ICLLL LK RY (KM
20 Y(I,K) = Y(I,K) ='DP . » o
cALL $6L (M, M, A(1,1,K), Y(1,K), IP(1,K))
30 CONT I NUE K ! R :
DO S0 I = 1,M - . : :
pP = 0,
Do go:J = 1,M:
40 DP = DP +' CLI}J,N)IXY(J,NM1) + B(] J,NIXY(J, NMZ)
50 YCI,N) = YCI,N) - DP
. CALL 88L (M, M, AC1,1,N), Y(1,M), [TPC1,N))"
C BACKWARD SOLUTI&N SWEEP, t--t---olol o e e e e
DO 80 KB = 1,NM1
- K3 N -KB ‘
KP1 = K:+ 1 '
peg_ 70 I' = 1,M
PP = Q, T
D8 60.J = 1,M :
60 “DP.= DP +'B(1,J, K)*Y(J, KP1)
70 Y(I,K) = ¥Y(I,K) -"DP
80 CONTINUE |~
pe_100 I = 1,M
: pp = 0,
DO 90 J.= 1,M. R
80 DP = DP_+ C(I, 1)*Y(J 3) &
S100 - Y(L, 1) = YL, 1) =" pP - _
RETURN o . -
Cormmn Eﬁﬁ ------- v ~ END OF SUBHOUTINE SOLBT - ~==-m-memmemmnmaan -
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(T, N, E, B, .C

SUBRGUTINE BTMS , E, A, B, P, X, 1ER) :
DIMENSIGN E(M,M,N), AtM, ), BY, Mj ctM, My, 1P(M), X(M,N)
¢ THE FﬁLh?géNG CARD ‘IS FOR GPTIMIZED camplLATlaN UNDER CHAT,
"é(_e&k'?&f6Ifxééfiii'LI&&A&'%?Q?&A'&&LGEE«' “F«I&?ﬁii"é?éé;&é'&éééf&&f T
WRITTEN BY A. C.. HINDMARSH.
THE COEFF I CIENT MATRIX CONTAINS THREE BLOCKS' eF ELEMENTS IN_EACH
BLOCK-ROW, INCLUDING BLECKS IN. THE €1,3), AND N-2) BLOCK PSSITIONS.
£TE $uacxé OF.. THE MATRIX AND THE*CORRESPONDING éLecKs OF THE

R HAND SIDE VECTOR ARE GBTAIN D, ONE BLOCK-ROW AT A TIME,
- FREM THE USER-SUPPLIED ROUTINE OX.

BTMS USES BLOCK .GAUSS ELHHINATION AND SUBREUTINES DEC:AND SoL
FOR SOLUTIGN OF BLOCKS. ' PARTIAL PIVﬁTING IS DONE WLTHIN
BLOCK~ROWS CNLY,

INPUT . . -

M * ORDER ©F EACH BLOGCK,

N = NUMBER OF BLEGCKS IN EACH DIRECTION OF  THE MATRIX.

N MUST BE 4 OR MORE, THE COMPLETE MATRIX HAS GRDER MxN,

: E = WORKING STORAGE ARRAY. GF. LENGTH MXMxN. . "
A,B,C = WORKING STERAGE ARRAYS, EACH OF LENGTH MM,

{P = INTEGER ARRAY OF. LENGTH M FOGR WORKING. STORAGE

THE 1P ARRAY CAN GYERLAP THE B ARRAY.. - . :

eUTPﬁT= WORKING STORAGE ARRAY OF LENGTH MxN.' -

X = SOLUTIGN VECTOR, OF LENGTH MxN. g_

IER == 0 IF NO TROUBLE ﬂCCURRE OR :
= -1 IF THE.INPUT VALUE 6F M 6R N WAS ILLEGAL
= K IF A SINGULAR: MATRlx WAS PGUND IN_THE K TH DIAGGNAL BLECK,
THE USER MUST SUPPLY THE FOLLOWING,. .. | = -
BROUTINE BLOX (M, K, A. BL ¢, YK)

TH1S RﬁUTlN IS‘Tﬂ AD j AND'CITHE ™M BY M BLOCKS IN THE.
K-TH _BLOCK-REW. OF THE_COEFFICIENT MATRIX, AND!INTG YK:THE VECTGR
BF LENGTH M HE K-TH BLOCK OF THE. RIGHT-HAND SIDE'VECTOR.
IN THE COEFFICIENT MATRIX, THE BLOCK A 1S_ALWAYS! THE. eNE ON' THE MAIN
DIAGONAL, THE K-TH BLOCK>ROW READS . C,A|B FGR K = .. N-1,
FOR K = 1 IT-READS  A/B,C AND FOR K =INUIT READS B, é A.
BTMS CALLS SU&RGUTINES DEC(M,MO.A, IP, ItR) AND saLtM MO, A, %, 1P)

OOCOOOQOOOOOOOOOOGOOOOOOOOOOOOOOOOOOOOO

FOR SGLUTION OF Y LINEAR SYéTEMS

"NM1 = N -
M2 = N - 2 ° . AR T
¢ READ:AND1PR60ESS THE FIRST BLOCK-ROW, =r == ==-inmeiiocnmoocanaeacaons .
CALL BLOX (M, K, A, E, EC1,1,N), K).
CALL DEC (M, M, A, 1P, LERS )
IETCLER .NE. 0} ‘66 16’ 30
6 10 J = 1.M - : :
_ CALL seL tM, M, A, E(1,J,1), IP)
CALL SBL (M, M, A, E(1.J.N)! IP)
10 CBNT I NUE T , N
L seL (M, M, . o
C READ. AND_PROCE | THE éEcénn BLOCK ROW, ===~ - R Rt EE R PTP P el

K, A, E(1,1,2), ¢C X(] 2))

JLYEXCL, 1)
1E GLER)
G641

M E(1,3,2), IP)
. A 2y’ PS

1)

ten

e
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C MAIN LOGP, READ AND PRecsss BLECK -ROWS 8 TG N-1, ===-=--m-momenmo- -
’ D6 150 NM1 . L
KM1 = K - 1 . o
CALL BLOBX (M, K, A, E(1,1,K), €, X(1,K))
D& 100 J = 1,M _ : -
|°= 1»,"
_ DX 80 L. = 1,M
80 DP = DP + C(I, L)*E(L J,KM1)
90 CACL,J) = AC1,J) - DP
100 ~ CONTINUE
D& 120 | = 1,M
DP = O,
© DB 110L = 1,M
110 "DP = DP + 6(I,L)*X(L KM1) -
120 X(I,K) = X(1,K) - DP
CALL DEC (M, M, A lP, 1ER)
: 15 (1IER .NE. 0} 6& Te' 300
_ DB 180 J = 1,M
130 CALL SoL (f, ‘A, E(1,J, K) 1P)
CALL SOL (M, M, A KT,y TRY
150 CONT I NUE : - . :
C READKANDNPRﬁCESS THE LAST BLOCK-ROW, ~=-=-==~~~ s, el e it ol ol
CALL BLGX (M, N, A, B, C, X(1,N))
DG 180 J = 1, M
DO 1701 = 1,M
‘DP = 8 o
DO 160 L = 1, M
160 DP = DP + B(1,L)*E(L,J,NM2)
170 c(l,Jd) = e t,n’'-pp
180 CONTINUE
DG 210 J = T, M
D6 200 1 ="1,M
DPF = 0. _
DB 190 L = 1,M
190 DP = DP + G(I,L)XE(L,J,NM1)
200 ACT,J) = ACL, '~
210 CONTINUE
: DG 230 1 = 1,M
DP = 0.
: DE 220 L = 1,M
220 DP = DP + &C1,L)*X(L, NM1) + BCL, LI*X(L, an)
230 XCI,N) = XC1,N)'= pP
CALL DEC (M, M, A, 1P, IER)
1L (1R (NEL o) 06 Toise0
C BACKWARD SOLUTIGN SWEEP, “hem e e m e ettt e d e e
DG 260 KB = 1,NM2
K = N - KB
KP1 = K + 1 -
DG 250 | = 1,M
DP = O,
_ . DB 240 L = 1,M , : ,
240 DP = DP + E(I,L,K)*X(L,KP1)
250 XCI,K) = X(1,K) -'DP :
260 CONT I NUE . _ o ,
C INCLUDE EXTRA_TERMS IN LAST BACKWARD STEP. -----------c----=-ooooonee-
“op% 0, _
v Dg 270'L = 1,M _
270 DP = DP + E(I,L,1)%xX(L,2) + E(1,L,N)*X(L,3)
280 X(1,1) = X(1,1) - DP
_ RETURN -
C ERROR RETURNS, -«-rreercmrmmmrmnnscrnswnrw LA R e R At K R R R R - -
00 1ER = K
RETURN
310 1ER = -1
RETURN ‘
----- g TR END OF SUBROUTINE BTMS ~=--=remimmvommacaaonne
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